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ON THE SHAPE OF CAPILLARITY DROPLETS IN A CONTAINER 


F. MAGGI AND C. MIHAILA 


Abstract. We provide a quantitative description of global minimizers of the Gauss free energy 
for a liquid droplet bounded in a container in the small volume regime. 


1. Introduction 

Our aim is to provide a quantitative description of capillarity droplets in a bounded con¬ 
tainer. We work in the classical setting of capillarity theory based on the minimization of Gauss 
free energy under a volume constraint. In this framework, denoting by A and E two open 
bounded sets with Lipschitz boundary in M"’ with E C A (so that E is the region occupied by 
a liquid droplet inside a container A), one looks for volume-constrained global/local minimizers 
or stable/stationary points of the energy 

EA,a{E)+ f g{x)dx, 

Je 

where 5 : A —)■ M is a bounded potential energy density and where Ea,^ is the surface tension 
energy of the droplet, 

EA,a{E)=n^~HAndE)+ [ ad'H'^-K ( 1 . 1 ) 

JdAndE 

Here denotes the (n — l)-dimensional Hausdorff measure in M”, so that 'H^~^{A n dE) 

accounts for the surface tension energy of liquid/air internal interface of the droplet, while 
a : dA —>• (—1,1) is a given function, modeling the relative adhesion coefficient between the 
liquid droplet and the solid walls of the container. In this way, JgAndE ^ accounts for 

the total surface tension energy of the liquid/solid boundary interface. Typically, one considers 
liquid droplets under the action of gravity, a situation that corresponds to taking n = 3 and 
g{x) = cxn for a positive constant c. 

There is a rich variational theory concerning the functional Ea,cj- A portion of the classical 
literature on the problem assumes the existence and the smoothness of minimizers, and starting 
from these assumptions moves to their qualitative description. An excellent overview on this 
family of results is provided by the book of Finn [Fin 86 ]. Existence theories have to be formulated 
in the setting of Geometric Measure Theory, and a particularly suitable framework is that of 
sets of finite perimeter and functions of bounded variation, see, e.g. [Magl2, Ghapter 19]. Since 
the boundary dE of a minimizer of finite perimeter E will just be a countable union of compact 
subsets of C^-hypersurfaces, then one faces the problem of showing additional regularity for 
minimizers, which is a crucial step for understanding the relation of the mathematical model 
with the physical world. 

The regularity issue can be trivialized by exploiting symmetries. For example, in the sessile 
and pendant liquid droplet problems it can be proved that minimizers are rotationally symmetric, 
a property which easily implies smoothness; see for example [Gon77]. In the case of a generic 
container one cannot exploit symmetry to simplify the regularity problem. This regularity 
problem has then drawn the attention of several authors [Tay78, GF85, GJ 86 , Gru87a, Gru87b, 
Gru87c, Luc87, GM07, DPM14, DPM15]. 
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For example, if A has boundary of class C^’^, g is bounded and cr is a Lipschitz function, 
then for each volume-constrained local minimizer E of there exists a closed subset S of 
M = AndE such that M \ S is a C^’^-hypersurface with boundary (for every a £ (0,1)). 
Moreover, the set of boundary points bd (M \ S) of M \ S is contained in dA, and if uq denotes 
the outer unit normal to G C M"", then Young’s law holds, i.e. 

va{x) ■ ve{x) = (t{x) , Vx G bd (M \ S ) . 


Finally, S is empty if n < 3, it is discrete if n = 4 and it has Hausdorff dimension less than n — 4 
otherwise. This result was proved in the case n = 3 by Taylor [Tay78], and in higher dimension 
by Luckhaus [Luc87]. Luckhaus’ result was unawares rediscovered as [DPM15, Corollary 1.4] 
in a study on Young’s law for anisotropic surface energies. (We also notice that in the above 
papers the regularity result is obtained with a = 1/2, although one can improve this to every 
a < 1 by boundary elliptic regularity.) 

Capillarity phenomena are characterized by the dominance of the surface tension energy 
on the bulk/potential energy term. This is typically the case when the volume parameter m 
is suitably small with respect to the various data of the problem and then the surface energy 
is order >> m, while the potential energy is of order m. In the case where there is 

no container, the problem of describing global minimizers in the small volume regime has been 
addressed in [FMllj. There it is shown that if is a locally bounded potential energy density 
with the property that g{x) —)• oo as |x| —>■ oo (in particular, the gravitational potential is not 
allowed in this simplified model), then there exists tuq = mo(n, g) > 0 such that every minimizer 


inf |p(f;) + L g{x) dx : \E\ = m| , 
with m < niQ is connected and satisfies, for some Um £ K”, 


/ Um \ . B 

V mVri ) ,,i/« 


<G(n,<7)mV2-, 


hd 


dEjyi y^yi 


Wn 


( 1 . 2 ) 


where = {x £ M"’ : |x| < 1}, uin = \B\, and hd(Y, Y) denotes the Hausdorff distance between 
X,Y C M", see (1.18) below. Moreover, if 5 £ Gjq“(M”') for some a > 0, then dEm is a G^- 
hypersurface whose second fundamental form Vz/e^(x) at x £ TxdEm, after a suitable rescaling, 
is uniformly close to a suitable multiple of the identity tensor on TxdEm, with the quantitative 
estimate 

max Vz^E^(x) - c(n) Idr^aE^ || < G(n, 5 ) . (1.3) 

xedEm 

In particular, Em is convex. What is crucial here is the quantitative aspect of (1.2) and (1.3). 
We are not only asserting a proximity result, we are also quantifying the distance (measured in 
various ways) from being a ball. In passing, let us also mention that this kind of analysis has 
been recently extended to the case of local minimizers, and even of stationary points, in [CM15]. 

Returning to the case where a container A is present, our goal here is to quantitatively 
describe the shape of global minimizers Em of 

7 (m) = inf |j/ 4 ,o-(£^) + y g{x) dx : E C A ,\E\ = , (1.4) 

in the small volume regime. When g and a vanish identically, then (2.1) reduces to the well- 
known relative isoperimetric problem in A, and global minimizers in ( 2 . 1 ) are called isoperimetric 
regions in A. In this case Fall [FallO] has shown that isoperimetric regions converge, as m —)• O'*", 
to boundary points of A where the mean curvature of dA achieves its maximum. When H is a 
convex polytope (and again g and a vanish identically) then an analogous result was obtained 
by Ritore and Vernadakis, who showed that isoperimetric regions converge to vertices of dA 
with smallest solid angle [RV15]. 
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Figure 1. The situation in Theorem 1.1. A global minimizer Em is confined in a ball 
of radius centered at a point Pm G dA such that cr(pm) — o-q = 0{m}/'^). In 

particular, if ao = ct(xo) for a unique xq G dfl, then pm has to converge to xq with 
a velocity that depends on how fast a detaches from its minimum value at xq. After 
a blow-up at Pm to the scale and after a suitable rigid motion Sm, the global 

minimizer is Hausdorff close to the ideal droplet K^ao), and the part of its boundary 
interior to A is actually (^^’“-diffeomorphic (for every a G (0,1)) to the spherical cap 

If n dK((7o). 


We thus expect, also the general case where a and g are non-trivial, that Em should have 
small diameter and that it should concentrate around a boundary point of A. Specifically, 
(global) energy minimization should favor those points in dA where a achieves its minimum 
value 

(To = min(T G (—1,1), 
dA 

and correspondingly Em should be contained in a ball of radius and center pm G dA 

such that cr{pm) —)• (Tq as m ^ O"*". In particular, in the small volume regime and if a has a 
strict minimum point on dA, then neither the potential energy nor the mean curvature of dA 
should play a role in determining the asymptotic position of global minimizers. 

Next, assuming this concentration at the boundary to happen, we would expect the blow-ups 

Em ~ Pm 

jrAin 

to converge (as m —>■ 0) to minimizers in the sessile droplet problem with no gravity and constant 
adhesion coefficient ao- To be more precise, let us fix a reference half-space H to be 

i/ = {x G M” : Xn > 0} . 

and given r G (—1,1) let us consider the variational problem 

iA(t) = inf [EhAF) :FcH,\E\ = iY (1.5) 

If we set 

S{t) = {x G B : Xn>- t} , K{T)=Ten+ 

then {z -b K{t) : z G dEf} is the family of all minimizers in (1.5), see e.g. [Magl2, Theorem 
19.21]. We thus expect {Em — Vm)!'^^'^ to converge in some sense to K{ao). Our main result, 
which is illustrated in Figure 1, proves that this converge happens in a global C^’“-sense, and it 
also quantifies the rate of convergence in Hausdorff distance. 
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Theorem 1.1. Let n > 2, A be a bounded open connected set with boundary of class , let 
a G Lip(9A) with —1 < a{x) < 1 for every x G dA, and let g G Lip(A). Then there exist positive 
constants Cq and mo depending on A, a and g with the following property. 

If Em is a minimizer in (1.4) with m < mo, then there exists pm G dA such that 

Em C 0 < <T{pm) — o'o < Co m ^ , (1-7) 

and, for a linear isometry Sm o/M"" and with Mm = ^ n dEm and Mo = H n dK{ao), 

Moreover, Mm is a -hypersurface with boundary for every a G (0,1), the set of boundary 
points bd(Mm) is contained in dA, and there exist a -diffeomorphism fm '■ Mo —)• Mm and 
ym £ dA such that 

inf I ll/m - [vm + llci(Mo) '■ S '.W^ is an isometry^ = o(m^/"'), (1.9) 

as m —)• O'*', where this limit relation depends on A, a and g only, but not on the family of 
minimizers Em- 

Remark 1.2. In the course of the proof of Theorem 1.1 we shall prove that 

7 (m) = V^(ao) (l + ©(m^/”)) , (1.10) 

see Remark 4.2. When g and a are identically zero this formula was proved by Bayle and Rosales 
[BR05], and the coefficient in front of was identihed by Fall in [FallO], thus leading to 

the above mentioned criterion that, in the small volume regime, isoperimetric regions converge 
to boundary points of maximal mean curvature. 

We now describe the proof of Theorem 1.1. An initial difficulty is excluding that minimizers 
break down into smaller droplets, or that they take elongated shapes with comparatively larger 
diameter than volume. This issue is partially addressed by a grid argument (see in particular 
step four in the proof of Lemma 3.1 below) where it is shown the existence of points Xm G A 
such that 

Em C . (1-11) 

(Here = x is the ball of center x and radius r in M"'.) Although the possibility 

of replacing Xm £ ^ by £ dA with a{ym) — cq < Cq follows from (1.11) by a direct 

variational argument, we are not able, at this stage of the proof, to improve the diameter estimate 
from the order to the natural order (In other words, our droplet, rescaled by a 

factor so to bring it to unit volume, could still look like a very elongated ellipsoid.) The 

inclusion (1.11), with ym G dA in place of Xm S A, is however sufficient to use the boundary 
diffeomorphisms of A to map back Em from the container into our reference half-space H. 
More precisely (see Notation 3.2 below) there exist positive constants sq ^md tq such that for 
every y G dA we can find an open set Uy C M” with Bg^ C Uy, and a C^’^.^iffeomorphism 
(py : Uy ^ By^2ro with 4>y{0) = y and V/>y(0) an orientation preserving isometry, such that 

f)y{Uy nH)= By^2ro H ^ (^^ H dH) = By^2ro H dA . 

Thanks to (1.11), we can thus consider the deformed and rescaled shapes 

Em = = \<p-^{Em)\^/^ = mC-(l + ©(m^/^-)) . 

Clearly Em C H and \Em\ = 1, and moreover by exploiting the minimality of Em and the fact 
that cr{ym) —5- <to as m —)• O"'', one can see that 

-Rff,<7o(Rm) - ip{cro) < CmC'^ , 


( 1 . 12 ) 
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SO that Fra is asymptotically optimal in (1.5) with r = aQ. We can thus exploit a qualitative 
stability theorem (see Proposition 2.1-(ii)) to show the existence of Zm £ dH such that 


lim\{Fm-Zm)^K{ao)\=0. (1.13) 

m—yO 

The arguments described so far are contained in Lemma 3.1 below. The next step in our analysis 
is Lemma 4.1, where we show that the existence of positive constants A and pQ, and of elliptic 
functionals such that each Fm is a (A,/9 o)-™iiiiniizer of the corresponding T'mj i-e. 

^m{Fm-,W)<^m{F-,W)+k\F^Frr,\, (1.14) 

whenever F C H, FmAF CC W for some open set W with diam(lT) < 2po; see Definition 2.2 
and Definition 2.3 for the terminology and notation used here. Since we can show that each 
is A-elliptic on a 3/9o-iieighborhood of Fm (for some A > 1 independent of m), the minimality 
inequality (1-14) implies uniform volume density estimates at boundary points of each Fm- In 
turn, this information allows one to improve (1.13) into 

limhd{Fm-Zm,K{ao)) =0, (1.15) 

m-j-O ^ 

SO that diam(T)„) < C, and thus the natural diameter estimate diam(£'m) < 

The next step in our analysis is to notice that if we set 

4>(p) = sup ■ v : 1 / £ S'((To)} , p S , 

then, in the terminology of [FM91], S{ao) is the Wulff shape associated to 4* and 

J^H,ao{F) > HF) = [ ^i^f ), VF c , 

Jd*F 

FHFoiK{ao)) = ^{Kiao)) = , 

where K{ao) is just a translation of the unit volume rescaling of S{ao). In particular, by (1.12) 
we have ^{Fm) — ^{K{ao)) < and then by the quantitative Wulff inequality from 

[FMPIO] we infer the existence of Wm G such that 

|(Fm - rCm)AA'(fJo)| < . (1.16) 


We now exploit a simple geometric argument from [FI13] together with the inclusion 


C Fm Zm 

(which follows immediately from (1.15)) to conclude that one may as well take Wm • = 0, and 

thus set Wm = Zm & dH in (1.16). By combining this fact with the uniform volume density 
estimates for Fm, we are able to quantify (1-15) and obtain 



\id{Fm- Zm,K{a^)) 


(1.17) 


In order to complete the proof of Theorem 1.1 we are thus left to construct the diffeomorphisms 
between Mq and Mm, and to rewrite (1.17) in terms of {Em — ym)l'Fi^^^■ We comment here 
only on the former task, which is achieved by combining the boundary regularity theorem from 
[DPM15] with a tool for constructing almost-normal diffeomorphsims between manifolds with 
boundary which was recently presented in [CLM14]. The corresponding diffeomorphisms enjoy a 
quite rigid structure, which should allow one to quantify more explicitly the rate of convergence 
in (1.9). We leave this task for future investigations. 

We now describe the organization of our paper. Section 2 is focused on the sessile droplet 
problem with no gravity, see (1.5). We first discuss some stability properties, see Proposition 2.1, 
and then we present an improved convergence theorem for sequence of uniform ahnost-minimizers 
of Fh,t converging in volume to K{t), Theorem 2.4. In the latter result, convergence in volume is 
improved to C^-convergence, in the sense that we extract from the almost-minimality condition 
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the existence of C^’“-diffeomorphisms between the interior interfaces Mq and Mm converging 
in to the identity map. In section 3 we begin the proof of Theorem 1.1. In particular, in 
Lemma 3.1, we obtain (1.11) (with ym G dA in place of Xm) and prove (1.13) along the lines 
described above. The proof of Theorem 1.1 is then concluded in section 4, first by proving the 
uniform almost-minimality of the sets Fm (see Lemma 4.1), and then by wrapping-up the various 
information collected up to that point into a final discussion. We conclude this introduction by 
gathering the basic notation used in the paper. 

Sets in M”': Given x G M” and r > 0, the ball of center x and radius r is denoted by Bx^r = 
{y G MA : \x — y\ < r}, and we set Br = B = Bi = Given X,Y G M", the Hausdorff 
distance between X and Y is defined as 

hd(X, Y) = max { sup dist(a;, Y), sup dist(a:, X)| , (1-18) 

x£X xGY 

while Ip{X) = {x G M” : dist(x,X) < p} denotes the p-neighborhood of X, p > 0. 

Manifolds in M”: If M C M”’ is a /c-dimensional manifold with boundary, 1 < /c < n — 1, then 
we denote by int (M) and bd (M) its interior and boundary points respectively, by the outer 
unit normal to bd (M) in M, and we set 

[M]p = M\/p(bd(M)), p>0. 

Sets of finite perimeter: Given a Borel set E C M” of locally finite perimeter in M”, we 
denote by d*E and i^e tbe reduced boundary and the measure-theoretic outer unit normal of 
E. We have 

d*E = |x G M” : 0 < \Bx^r n < \Bx^r\ Vr > o| C dE , 
and, up to modifying E hy a set of volume zero, one can always achieve 

d*E = dE, 

see [Magl2, Proposition 12.19]. We shall always assume that the sets of finite perimeter under 
consideration have been modified in this way. 

Acknowledgment: This work was supported by the NSF Grants DMS-1265910 and DMS- 
1361122. 


2. Some properties of droplets in half-spaces 


In this section we discuss some basic properties of the variational problem 

iA(t) = inf {EhAF) :FcH,\F\=1}, (2.1) 

where E[ = {x G MA : > 0} and r G (—1,1). Let us recall from the introduction that if we set 

S{t) = {x G B : Xn > -t} , (2.2) 


then the unique minimizer K{t) in (2.1) with horizontal barycenter at the origin is given by the 
formula 


K{t) = Ten + 


Sir) 

|5(r)|V’^ 


(2.3) 


In other words, T is a minimizer in (2.1) if and only if F = z + Kir) for some z G dEf. In 
section 2.1 we discuss some stability properties of (2.1), while section 2.2 contains an improved 
convergence theorem towards the ideal droplet K{t). 
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2.1. Stability properties. The following proposition collects the properties of problem (2.1) 
that we shall need in the study of (1.4). Property (i) consists just in the monotonicity of 
while property (ii) is a qualitative stability statement. In property (iii) we exploit the main result 
of [FMPIO] to quantify stability under a technical containment assumption. This containment 
assumption is not needed, and indeed it could be eliminated by mimicking the arguments in 
[FI13]. However, this more general result is not needed here. 

Proposition 2.1. (i) One has > 0 for every r S (—1, !)• 

(ii) If{Fh}h£N is a sequence of subsets of H with \Fh\ = 1 for every /i £ N and 

lim FH^riFh) = ' 0 (r), 
n^oo 

then there exists C dF[ such that, up to extracting subsequences, one has 

lim \{Fh + Zh)AK{T)\ = 0 . 
h^oo 


(Hi) There exist positive constants e{n,T) andc{n,T) with the following property: If F C H with 
|F| = 1 and 

^CF, FH,r{F)<il + e{n,T))fj{T), (2.4) 


then 


Fh.t{F) -'ipir) > c{n,T) inf \{F - z)AK{t)Y 

z€dH 


(2.5) 


Proof of Proposition 2.1-(i). Given r £ ( — 1,1), let 

F(t) = |S’(t)1 , A{t) = P{S{T);{Xn> -t}) , Aq{t) = P{S{T)-{Xn = -t}) . 
Since vb ■ (—Cn) = t along {xn = —r} n dS^r), by (2.3) we hnd that 

ir \ T- w A{t) + tAo{t) 

i,{T) = rH.r(MT)) = ■ 

We now notice that, if ojk denotes the volume of the unit sphere in then 

V{t) = j a;n-i(l - A{t) = j (n - l)a;n_i(l -, 

while Aq{t) = w„_i(l — . On noticing that 

An . , An 


V' = Ao, {A + tAq)' = (n-l)- 


+ AQ-{n- 1 )- 


1_t 2 ' " ^i_r2 

we find that 


= uAq , 
^0 


nl/2-(VO 




where = n^V — {n — 1)(A + tAq). By the divergence theorem, ^(0) = nV{0), where 
F(0) = ujn(‘^, so that (/?(0) = ULOnf^,. Moreover, p' = u^Aq — (re — l)re^o = nA^, thus 

iplj) = + J Aq^ = +sign(r) jx £ B : 0 < < |r|| ^ > 0, 

for every r £ (—1,1). This proves that ijj' > 0 on (—1,1). □ 


We now discuss statement (ii). As usual the issue is ensuring compactness in volume. We 
solve this problem by combining slicing with isoperimetry to prove that one can always reduce to 
consider sequences of sets F^ with uniformly bounded diameters, which therefore are compact in 
volume modulo horizontal translations. The main modifications with respect to the case of the 
standard isoperimetric problem, corresponding formally to r = 1, (see, for example, [FMP08, 
Lemma 5.1], which in turn was inspired by [FM91, Theorem 3.1]) are found in the case r < 0. 
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Before entering into the proof, it is convenient to introduce some notation and terminology in 
analogy with [FMP08]. Given F <Z H and r E (—1,1) we dehne the deficit of F (relatively to 
the variational problem (2.1)) as 


SAF) 


J^hAF) 

fiiT) 


For every A > 0 we have 6r{XF) = St{F) > 0. Moreover, by [Magl2, Theorem 19.21], we have 
that 6t{F) = 0 if and only if \FA(z + r K {t))\ = 0 for some 2 : G dFl and r > 0. Correspondingly 
we define the asymmetry index of F (again, relatively to problem (2.1)) as 


ar{F) = inf 


\FA{z + rK{T))\ _ 

\F\ 


\F\,ze dH^ . 


With this terminology in force, statement (ii) is equivalent in saying that if 6r{Fh) —)■ 0, then 
ar{Fh) —)• 0. The key point in the proof will thus be obtaining (2.8) and (2.25) below. 


Proof of Proposition 2.1-(ii). Step one: As a preparatory remark, we show that '\f G,F C M”' 
with 

|G| < |F|, |FAG| <e\F\, FhAG) < ^hAF) + A\F\A-^Fn ^ (2.6) 

for some £ G (0,1), then 

(i^(T) + (l + V'(r)-i)e(^-i)/" 


|a^(F)-a^(G)| < 3e, Sr{G) < 


(2.7) 


(1 - £)(«-!)/"• 

Since the volume of the symmetric difference defines a distance on subsets of M”, we easily find 
that \\F\ar{F) — |G|Q:r(G)| < |FAG|. Hence, by ar{G) < 2, 

\F\\ar{F) - aAG)\ < |FAG| + ||F| - |G|| a,(G) < (1 + a,(G)) |FAG| <3|FAG|, 

and the hrst estimate in (2.7) follows. Next we notice that 

|(^|(n-l)/n^^(^) - |^|(n-l)/n^^(_p) < 


< 1 + 


1 


iP{t) 


(e|i7|)(n-l)/n. 


and we conclude the proof by |G| > (1 — e)|T|. 


Step two: We claim that if F C 77 with 6r{F) < (5o(n,r) < 1, then there exists G C Fd with 
|a.(G)-a.(F)|<C(n,r),5.(F), 6AG) < G{n,T) d^F), sup < C(n, r), (2.8) 

x,yeG \F\F^ 

where 6o{n,T) and G{n,T) are suitable positive constants. Without loss of generality, we may 
assume that |F| = 1 and F = F^^\ the set of points of density 1 of F. Thus it suffices to prove 

sup Ixi - yi| < C'(n,r), (2.9) 

x,y&G 


together with 

|FAG| < G{n, r) , FhAG) < FhAF) + G{n, r) 6r{F) , 

which take the place of the hrst two inequalities in (2.8) by step one. Let us set 
v{t) = |F n {xi < t}\ , s{t) = T-r~^{F n {xi = t }), 


( 2 . 10 ) 


( 2 . 11 ) 
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SO that v{t) is absolutely continuous on M with v'{t) = s{t) for a.e. t £ M thanks to Fubini’s 
theorem. We notice that for every t G M one has 

S{t) = n^-\F n {xi = t}) < P{F; t}), ^ 


Indeed, by [Magl2, Equation (16.7)] and F = one finds that 

d*{F n {xi < t}) ={Hn {xi <t}n d*F) 

U ({xi <t}ndHnd*F) 

X (2.13) 

u (F n {xi = t}) 

u ((9*F n {xi = t} n {i^F = ei}) 

where the identity holds up to ^-negligible sets, and where the elements of the union are 
disjoint. Since the outer unit normal to F n {xi < t} coincides with Fp on the first set on the 
right-hand side, with —Cn on the second one, and with ei on the third and the fourth one, the 
first inequality in (2.12) follows by applying the divergence theorem on F n {xi < t} to the 
constant vector field f{x) = ei. 


0 = / + ^{{xi = t} n F)+Ti'^ ^({xi = t} n (9*F U {Pi? = ei}) 

J Hn{xi<t}nd* F 

> ( ei-vp+ T-i'^~^{{xi =t] F), 

J Hr\{xi<t}na* F 

while the second inequality follows by using the vector field f{x) = e^, 

0 = / Bn ■ Fp — P{F; {xi < t} n dH). 

J Hri{xi<t}rid* F 

The actual proof requires a truncation of the vector field f{x). We omit the details and refer to 
[Magl2, Proposition 19.22] for a complete exposition of an identical argument. 

With (2.12) at hand, we now prove the existence of G C F such that (2.10) and (2.9) hold. 
For t G M we set 

Ff = F n {xi < t} , F^ = F n {xi > t} . 

By (2.13), and by an analogous formula for F^"^, one has 

< FH,r{F) + 2s(t), Vt G M. 

(The inequality sign depends on the possibility that 'H^~^{d*F n {xi = t}) > 0.) By definition 
of V’(t) we have Fh,t{F^) > , so that 

2sit)+^lj{T)6r{F) = 2s{t)+FH,r{F)-^l^{T)>FH,r{F,+ )+FH,riFf)-^iT) 

> , VtGM, 


where 'I'( 7 ) = (1 — y)^"' — 1, 7 G [0,1]. We rearrange this inequality as 

s{t)>^{^ivit))-5r{F)), VtGM. 

Let us notice that we can find K(n) > 0 such that 

T( 7 ) > K{n) min{ 7,1 — , V 7 G [0,1] . 

We now use the assumption that 6r{F) < (5o(n,r) to ensure that, if we set 

K{n) 


(2.14) 

(2.15) 


ti = inf |t G 


> 5. 


(F)}, 


2 


(2.16) 
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then ti G M. Since v is increasing, we have K{n)v{t)^'^ > 25r{F) for every t > ti, and thus 

we can apply (2.14) and (2.15) to hnd that if t with v{t) < 1/2, then 

s{t) > ^ (^(n) - 5,(F)) > ; 

similarly, if we define t 2 by 

t 2 = sup G M : - - - > 5r(i^)| , 

then t 2 with K(n) (1 — u(t))("'“^)/”' > 25r[F) for every t < t 2 , and again by (2.14) 
s{t) > ^ [nin) (1 - u(t))(-i)/- - 6riF)) > (i _ ^(t))(-i)/n ^ 

whenever t <t 2 with v{t) > 1/2. In conclusion, 

s{t) > min{u(t), 1 - u(t)}("-i)/’^, V t G (ti,t 2 ), 

so that, by taking s = v' a.e. on M into account, 

V>(T)K(n)(t2 -ti) ^ _ F_ _ ^ _dy_^ ^ 

4 “ min{u, 1 — ~ Jq min/y, 1 — y}(’^“i)/” ’ 

that is t 2 — ti < C{n,T). Hence, the set 

G' = F n {ti < xi < t2} 


(2.17) 

(2.18) 
and (2.15) 

(2.19) 

( 2 . 20 ) 


has directional diameter along the xi-axis bounded by C{n,T), with 


F\G' 


v{ti) + (1 


v{t2)) < 2 


/2 6r{F)\n/{n-l) 

V K{n) ) 


( 2 . 21 ) 


We now split the argument depending on the sign of r. 

When r > 0 we conclude the proof of (2.10) and (2.9) by setting G = G'. Indeed, with this 
choice, (2.9) is immediate from t 2 — ti < G(n,T), while the Hrst bound in (2.10) follows from 
(2.21). Moreover, by (2.12), 


FhAF) - J^hAG) > P{F;Hn{xi<ti})-s{h) + TP{F-,dHn{xi<ti}) (2.22) 

+P{F; H n {xi > t 2 }) — s{t 2 ) + T P{F; dH n {x 2 > h}) , 


where P{F;H n {xi < ti}) > s{ti) by (2.12), and similarly P{F;H n {xi > t 2 }) > s{t 2 ) (and 
where the hrst inequality sign depends on the possibility that P^~^{d*F n {xi = U}) > 0 for 
i = 1, 2.) Thus T > 0 implies Fh,t{F) > Fh,t{G), and the second bound in (2.10). 

When T < 0 we can hx the argument by cutting F at nearby levels of t such that s{t) is 
sufficiently small in terms of dehcit. To make this precise, let us consider the sets 

1 


|tGM:u(t)<^, s{t) < 


h = 

/2 = |t G M : v{t) > 


1 


^ V’(t)5^(T)'i 

^ 


and dehne 

_ J inf{t G 


it = 


: v{t) > 0} 


sup Ji , 
We hrst note that 


if/i = 

if A/ 


f* — 

In — 


sup{t G 
inf I 2 , 


: v{t) > 0} 


if/2 = 

if/2/ 


diam({0 < v < 1/2}) < G{n,T ), 
diam({l/2 < u < 1}) < G{n,T ), 


if/i = 

if/2 = 


(2.23) 

(2.24) 
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indeed, if for example Ii = 0, then by s = a.e. on M we find 

\> ! s{t) dt > diam({0 <v< 1/2}) . 

Next we remark that if Ii ^ 0, then E M and actually < ti: indeed, by the same argument 
leading to (2.17) one can deduce that 

s{t) > —^ dr{F) , for every t > ti with v{t) < - . 

Similarly, by arguing as in the proof of (2.19), we see that if I 2 7 ^ 0j then with > t 2 , as 

1 

s{t) > dr{F) , for every t < t 2 with v{t) > - . 

Finally, we notice that if /i 7 ^ 0 or /2 7 ^ 0, then one has, respectively. 


ti — < C{n, r), t 2 — t 2 < C{n, r). 

To prove the first relation, notice that for every t € (ti,ti) one has 'il}{T)6r{F) < 2s(t), and thus 
s = v' a.e. on M and v{ti) = {26r{F)/K{n))^''^^~^^ give 

2 


/ ‘ »' < , / < C{n, T) )■/<"-■) ; 

Jq i’ivdriF) 


1p{T)6r{F) 

similarly, for every t E (t 2 ,t%) one has 'ihMSriF) < 2s(t), and thus s = v' a.e. on M and 
v{t 2 ) > 1 - {2dr{F)/K{n))^/^^-^^ give 

'tp[T)dr{F) 'ip{T)dr[F) 

With these remarks at hand we finally set 


to be inf{u > 0 } — 1 if /i 


in case /i / 0 ; we set 
to be sup{u > 0 } + 1 if /2 


0 or to be any f < tj with 
U**^ . V'(T)^r(T) 

sih ) < -^-, 


- t}* < 1 , 


''2 

! any t > with 


in case /2 7 ^ 0; and finally define G by taking 


G = Fn{tl* <xi <t* 2 *}. 

Notice that the above remarks show that it must be 

h -h <C{n,T), max|s(ti ),s(t2 )j < - - -, 

so that (2.9) holds. Since G' <Z G = F Ci {ti < xi < t 2 } we have 

|F \ G| < |F \ G'l < C(n, r) , 

and thus the first bound in (2.10) holds. At the same time if we write down (2.22) with t** in 
place of ti and exploit the inequalities |r| P{F;dH n {xi < t**}) < P{F;H n {xi < ti}) (recall 
the second inequality in (2.12)), then we find 

FhAF) - J^hAG) > -s{tT) - s{t**) >-AA A{f) , 

which is the second bound in (2.10). This completes step two. 
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Step three: We show that \i F d H with 6r{F) < (5o(n,r), then there exists G C H with 

Xn 


\ar{G) - ar{F)\ <C{n,T)5r{F) , 5r{G) < G{n,T) 6r{F) , sup , 

x&G \x 


<C(n,T). (2.25) 


Once again, we can prove this with |F| = 1 and F = F^^\ Similarly to step two we set 
v{t) = \F n {xn < t}\, s{t) = n"‘~^{F r\{xn = t}), pit) = n'^~‘^{d*F r\{xn = t}), 
and notice that, thanks to = F^^'^ and [Magl2, Equation (16.7)], for every t G M one has 

+J^H,TiFt~) < Fh,t{F) + 2 sit ), 

where now F^ = F n > t} and Ff = F D < t}, and where the inequality sign holds 
since it may happen that id*F n {xn = t}) > 0 for some (but at most for countably many) 
values of t. By setting, similarly to what done in (2.16) and (2.18), 


„f K(n)i;(t)(” 'I (- «;(n) (1 — u(t))("' ^ 

h = mf > 0 : - - - > 6riF)j , t 2 = sup > 0 : - - - > (5r(F)| , 


and by repeating the same arguments we find once again t 2 — ti < C(n, r). The step will be 
then be completed, once again thanks to step one, by setting G = Fn {xi < t 2 } and by showing 
that ti < C(ra, r). We shall actually prove that ti < (7(71, r) (5 t-(F)"'/("“^). To this end, we first 
notice that for a.e. t G (0, F) and by definition of ipil), 


-tF(F;5F)+V’(t)5,(F) = F(F;F)-V’(t) >F(F;{x„>t})-7A(r) 

= F(F n {xn > t}) - V’('r) - s(t) 

> ^Pil) \F n {x„ > - V^(r) - sit) 

> ijjil) - i/^ir) - Gin,T)viti) - sit). 

If we integrate this inequality on (0,ti) and take into account that sit) dt = u(ti) < 
Gin,T) 6riF)"'F'^~^\ then we find, provided (5o(u,, r) is small enough, 

-rPiF-,dH)h > m)-^PiT))h-Gin,T)6AF)h-Gin,T)6riF)^Fn-i) 

> ti - Gin, t) 6r iF)^Fn-i) ^ 

When r > 0 , then the left-hand side of this last estimate is negative, and thus we obtain 
ti < C(n,r) 5 t-(F)”/^"'“^\ as claimed. Assuming from now on that r < 0, we rewrite the above 
estimate as 

F(F; dH) > c(n, r) - C(n, r) -. (2.26) 

h 

Now, by exploiting the divergence theorem we easily see that, up to possibly excluding countably 
many values of t, s(t) —)• PiF-,dH) as t ^ 0"*“. By combining this fact with [Magl2, Equation 
19.57] we see that 


F(F; dH) < F(F n {xn < t}; H) = F(F; {0 < x„ < t}) + s(t), for a.e. t > 0 , 


and thus r F(F; dH) > r F(F : {0 < < t}) -|- r s(t). In particular, for a.e. t G (0, ti), 


il)iT)5riF) = F(F; {xn > t})-7 F(F; {t > Xn > 0})-b Ts(0) - '(/’('t) 

> F(F; {xn > t}) -b (1 -b r) F(F; {t > Xn > 0}) -b r s(t) - 'ipir) 

= Fh,t{F n {Xn > t} - ten) - V'(t) + (1 + T") P{F; {t > Xn > 0}) 

> 'ipir) \F n {xn > - tj^ir) -b (1 -b r) F(F; {t>Xn> 0}) 

> V’(r) (1 - x(ti))(’^-^)/” - 7/>(r) + (1 + r) F(F; {t>Xn> 0}) 

> -Gin, t) 5r{F)^'^"-^^ + (1 + t) F(F; {t>Xn> 0}). 


(2.27) 
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Now, by a minor modification of [Magl2, Theorem 18.11], we find that 

P{F-, {t > Xn > 0}) > [ +p{ty dt > f \s'{t)\dt > P{F;dH) — s{t), 

Jo Jo 

(where we have exploited again s{t) —)■ P{F;dH) as t —)• O'*') so that, integrating over (0, ti) 
and taking (2.26) into account 

P(F; {t > Xn > 0}) dt > ti P{F] dH) — v{ti) > c(n, r) ti — C{n, r) . 

By first integrating (2.27) over (0, ti) and by then plugging this last inequality, we find that 
C(n, r) ti 6riF) > (1 + r) (c{n, r) p - C{n, r) , 

which, for 6o{n,T) small enough, implies ti < C{n,T) 

Step four. We finally prove the statement. Arguing by contradiction, we assume the existence 
of r/ > 0 and of a sequence of sets F^ C H such that 5r{F}f) —)• 0 but ar{Fh) > rj. Without 
loss of generality, we can assume that |TX| = 1. By step two and step three we can hnd sets 
Gh C H such that diam(Gh) < C{n,T), sup^-gc^ \xn\ < C{n,T), \FhAGh\ 0, FnAGh) 
V’(t) and ar{Gh) > i?/2. By [Magl2, Equation (19.58)] we have FH,T{Gh) > (1 + t) .P(G'/i)/2, 
so that FH,T{Gh) —^ V'('r) implies P{Gh) < G{n,T). This bound, together with diam(G/i) < 
G{n,T) and supa-gg^ < G{n,T), implies that up to extracting subsequences and up to 
horizontal translations, |G/jAG| —>• 0 for some G C 77. Clearly a^iG) > p/2, however, by lower 
semicontinuity of Fh,T (see [Magl2, Proposition 19.27]) it must be 

JFh,t{G) < liminiFH,T{Gh) = if {t) , 

/l—)-oo 

where Fh,t{G) > '(/{t) as \FhAGh\ —> 0 implies |G| = 1. In conclusion, Fh,t{G) = ifij) with 
|G| = 1, and thus G = z + K{t) for some z G dH. But then a^-iG) = 0, a contradiction. □ 

We conclude this section by showing the validity of property (hi) in Proposition 2.1. To this 
end, it is convenient to dehne ^ (0, oo) by setting 

<I>(p) = sup |x • z/ : X G <S'(r)| = sup |x • z/ : |x| < 1, x„ > —r| , v G 5'"'“^, 

and then consider a corresponding anisotropic perimeter functional $ dehned by setting 

^{F)= [ AMA)dK-" e[0,oo], 

Jd*F 

whenever F is of locally finite perimeter in W^. It is immediate to check that 

^(-en) = -T, $(z/) = 1 if z/• Bn >-r , (2.28) 

so that 

$(X(t)) = P(A:(r); H) + t P{K{Ty, dH) = V^(r), (2.29) 

while 

$(F) = / <l>{rF)dn'^-^+ TP{F-dH) <J^H,rA) ^ yFcH, (2.30) 

JHnd*F 

where of course we have used that F C H implies rp = —for H.^~^-a.e. x G d*F n dH (see, 
e.g., [Magl2, Exercise 16.6]) as well as that <1> < 1 on 5'"'“^. 
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Proof of Proposition 2.1-(iii). By (2.29), (2.30) and the main result in [FMPIO] we have that if 
F C H with \F\ = 1, then for some w G M"" 

Fh,AF) - Ar) > ^{F) - > coin) $(K(r)) \FA{w + K{r))\^ , (2.31) 

for some positive constant co(n). Of course w = z + tCn where z G dH and t G M. If t < 0, then 
hy F G P[ we obtain 


|FA(u; + iP(r))I > \{w + K{t)) \ F\ > {{w + Kir)) \ H\ = \{ten + K{t)) \ H\ 

= \K{T)n{0<Xn<-t}\. (2.32) 


By combining (2.31), (2.32), and (2.4) we find that 

sin, t) > Coin) |iP(r) 0 {0 < < -t}f , 

so that if sin, r)/co(n) < (|iir(T)|/ 2 )^ then |t| < toin, r) < 1 and thus |A'(t) n {0 < < —t}\ > 

c(n,r) |tl; by combining this last inequality with (2.32) and (2.31) we thus conclude that if t < 0, 
then 

Fn^riF) - V'(r) > c(n, r) \ A ■ (2.33) 

We now prove that (2.33) holds even when t > 0. In this case we use w + Kir) C {xn > t} and 
the inclusion KiT)f2 C F in (2.4) to deduce that 


|FA('«; + KiT))\ >\F\iw + A'(t))| >\F\ {xn > t}| > 


Kjr) 

2 


n {Xn < t} 


By (2.4), (2.31) and the last inequality, if e(n, r) is small enough then we are able to infer that 
t < toin,T) < 1/2 and then to exploit an elementary lower bound of the form 


\iKiT)/2) n{Xn < t}| > cin,T)t, 

for t G iO,toin,T)) CC (0,1/2), to conclude that (2.33) holds. This said, by combining the 
bound 


\iz + KiT))AF\ < \iw F KiT))AF\ + \iz + KiT))Aiw + Kir))] 

< \iw + KiT))AF\ + Cin,T)\t\ 

with (2.31) and (2.33) we conclude the proof of (2.5). □ 

2.2. An improved convergence theorem. Thorough this section, we set H = {xn > 0} and 
K = Kir) for some fixed r G (—1,1), see (1.6). Our main result. Theorem 2.4 below, consists in 
showing that if F^ is sequence of almost-minimizing sets in H which converges to K in volume, 
then Mfi = H G dF^ is a C^’^-hypersurface with boundary for h large enough, and there exist 
C^’"-diffeomorphisms fh between and Mq = H D dK such that fh —)• Id in and enjoys 
certain precise structure properties. In order to formulate this result in rigorous terms we need 
to set some dehnitions. 


Definition 2.2 (Elliptic integrands). Given an open set H one says that 4> is an elliptic integrand 
on n if 4> : n X M” —>• [0, oo] is lower semicontinuous with 4>(x, •) convex and one-homogeneous 
on M"" for every x G Q. If T is of locally finite perimeter in H and IT C 11 is a Borel set, then 
we define 

$(F;IT)=/ <l>ix,Mx))d'H^~Hx) ^[0,oo]. (2.34) 

Jwnd*F 

Given A > 1 and > 0 we let SiQ,X,i) denote the family of those elliptic integrands <I> in 11 
such that <I>(x, •) G C^’^(5"'“^) for every x G H and such that for every x,x' G 11, G 
one has 

j < 4>(x,n) < A, 

|4>(x, n) — <h(x', u)\ -|- |V<I>(x, n) — V<I>(x', v)\ < t\x — x’\ , 
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H 




Figure 2. A competitor F' of F in (2.35) can have a different trace along dH^ but 
must agree with F outside of an open set W CC Sd with small diameter. The boundary 
of F' and W are depicted, respectively, as a black line and as a dashed line. 


|V$(x,p)| + ||v2$(x,p)|| + 


|V2$(a;,i/) - V2$(x,p') 


ly — ly' 


< A, 


|V^$(a:,z/)[T,r]| > ^ , Vr e , 


where and are taken with respect to the variable, and with i/-*- = {y S M” : y • p = 0 }. 


The following minimality condition is tailored to the description of capillarity problems, in 
the sense that one considers subsets F of an half-space which minimize an elliptic integrand with 
respect to local perturbations which are allowed to freely modify dF n dff. In other words, we 
impose a Dirichlet condition inside of H, and a Neumann/free-boundary condition on dFf] see 
Figure 2. 

Definition 2.3 ((A, po)-™iiiimizers). Let be an open set in M”’, H be an half-space in R”, 
and let $ e 5(n n H, A, i). Given A > 0 and po > 0, a. set F C H of locally finite perimeter in 
is a (A, po)-™ini™izer of $ in (n,LI) if 

$(F; HnW)< $(F'; HnW) + A\FAF'\ , (2.35) 

whenever F' C F[ is such that FAF' CC VF with W <Z<Z Ft open and such that diambF < 2 po- 


We are now ready to state the following theorem, which is the main result of this section. 

Theorem 2.4. Let H = {xn > 0} and K = K{t) for some fixed r G (—1, 1). Given A > 1, 
A > 0, po > 0, and a G (0,1) there exists Ca depending on n, t, X, I, A, po and a with the 
following property. 

If Ft is an open set sueh that K CC fl, C £{Fl,X,£), and, for each h G N, F^ is 

a (A, Po)-minimizer of in (fl, H) such that \FhAK\ —)• 0 as h —)• oo, then Mh = H r\ dFh is 

a compact connected orientable -hypersurface with boundary for every a G (0,1) and for h 

large enough, and there exists a dijfeomorphism fh : Mq —)• Mh, Mq = H r\ dK such that 

IIAIIci.“(Mo) < Ca , lim Wfh - Id||ci(Mo) = 0 • 

h—¥oo 

Moreover, there exists —)• 0 as h ^ oo such that if we set 

Uh = {fh - Id) - [vK ■ {fh - U)]iyK 
for the tangential displacement of fh, then 

spt Uh C Mo r\{xn < Sh} , lim ||ii/i||ci(Mo) = 0 • 

h—^oo 

Remark 2.5. Theorem 2.4 works as well if we just assume that Mq is a C^A.^ypersurface 
with boundary such that bd (Mq) C dH. We have decided to focus on the case relevant to the 
capillarity problem, where Mq is a spherical cap, just for the sake of definiteness. Considering a 
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sequence of elliptic energies is necessary in view of the application of this result to sequences 
of "'-blow-ups of global minimizers in (1.4) as nih —)■ 0^. 


The rest of the section is devoted to the proof of Theorem 2.4. The following lemma allows 
us to exploit [CLM14, Theorem 3.5] for constructing the diffeomorphisms fh- Let us recall that 
if M C M"' is a fc-dimensional manifold with boundary, then we denote by int (M) and bd (M) 
its interior and boundary points respectively, by the outer unit normal to bd (M) in M, and 
we set [M]p = M \ /p(bd (M)) for every p > 0. 


Lemma 2.6. Under the assumptions of Theorem 2.4, there exist positive constants po G (0,1) 
and L (depending on n, t, X, I, A, and pq) and (also depending on a & (0, 1)) such that, for 
h large enough and for every a G (0,1), Mh is a compact connected orientable 0^’°^-hypersurface 
with boundary with 

hd lim M{Mh, Mo) = 0. 

/l—)-oo 

Furthermore, if we set then 


FMnix) - FMh{y)\ <L\x-y\, 
^Mh{x) ■ {y - x)\ < L\x - y\^ , 


Vx ,y e Mh. 


(2.36) 


In addition, the following holds: 

(i) ifn = 2, then bd(Mo) = {po,9o} and hd {Mh) = {ph,qh}, with 

jl^\Ph-Po\ + \Qh - qo\ + - ^MoiPo)\ + = 0 ; 

if n>3, then there exist C^'°‘-diffeomorphisms /o,h between Mh and Mq such that 


ll/o,/ilbi'“(bd(Mo)) ^ 
lim \\fo,h - Id||ci(bd(Mo)) = 

h—^oo 

lim \\nMhifo,h) - ^Mol|ci(bd(Mo)) = 0; 
1^00 

lim \\F'§p{fo,h) - i^Molbl(bd(Mo)) = 0; 


where, by definition, vm^ = fk. 

(ii) for every p < Pq there exist h{p) G N and {V'h}/i>h(p) U C^’°^{[Mo]p) such that 

[Mh]zp C (Id -h il)h i^Mo)([^o]p) U Mh, V/i > h{p ), 
sup \\iph\\c^,<^([Mo]p) < La, lim ||i/;ft||c-i([Mo]p) = 0- 

h>h{p) ti^QO 


Proof of Theorem 2.4- By combining Lemma 2.6 with [CLM14, Theorem 3.5] we hnd that for 
every p G (0, po) there exist h{p) G N and, for each h > h{p), a C^’^-diffeomorphisms fh between 
Mq and Mh such that 


fh = fo,h on bd (Mo), fh = ld-^-fh fmo on [Mo]p , 
sup II Albi.c(Mo) < Ca , lim Wfh - Idllc-i(Mo) = 0 > 

h>h{p) 

II II . Ca /ll(/o,/i “ Id) • r'^(j||c-o(bd(Mo)) J ifn = 2, 

IKIIcm.) < - I ifn>3, 


(2.38) 


where, in the case n = 2, fo^h is defined by the relations fo,h{po) = Ph, fo,h{qo) = qh- Of course 
(2.38) implies the conclusions of Theorem 2.4. □ 
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We now focus on the proof of Lemma 2.6. The proof is based on the regularity theory for 
(A, / 9 o)-™iiii™izers of elliptic integrands as discussed in [Magl2, Part III] and in [DPM15]. Given 
the regularity theorems, the argument is rather standard and so we limit ourselves to describe 
the main points. 


Proof of Lemma 2.6. One deduces that hd(M/i,Mo) —)• 0 by |F/iAiL| —)• 0 and by the uniform 
density estimates satisfied by the sets (recall that the functionals are uniformly elliptic), 
see for example [DPM15, Theorem 2.9]. Let us now set 

there exists r^, > 0 such that M/j n \ 

is a G^-manifold with boundary s.t. bd (M/j) C dH \ ’ 


Reg(A4) = Ix^Mh: 


for the regular part of Mh and T,{Mh) = Mh \ Reg(M/i) for its singular set. For x G O and 
r < dist(x, (911), define the spherical excess of Fh at the point x, at scale r, relative to H as 

|2 


e^c^{Fh,x,r)=mi{^ 


FFu - v\ 


■ : 1/ G S"" 






By (for example) [DPM15, Theorem 3.1] in the case x G H dH, and [DS02] in the case 
X G Mh n H, there exists Sq = eo(n. A) > 0 such that 


T,(Mh) = IX G Mh : liminf exc^(F)j, x, r) 

I r-l>0+ 



(2.39) 


This characterization of the singular set allows to deduce easily that for every r > 0 one has 
B(M/j) C It-(FI(Mo)) provided h is large enough. In our case Mq is just a spherical cap, and so 
we have B(Mo) = 0. In particular, Mh is a C'^’“-hypersurface with boundary for every a G (0,1). 

In fact one has more precise information. We first describe the argument qualitatively. 
Consider for example a point x G Mq n H, and fix r > 0 such that dist{x,dH) > r and 
exc'^(A', X , r) < eo/ 2 . The Hausdorff convergence of Mh to Mq, and the fact that almost- 
minimizers converging in volume also converge in perimeter, implies the existence of Xh G MhCiH 
such that x/i —)• X and exc^(F/i, x/i, r) < eo- One can thus apply the e-regularity criterion to 
K and to Fh to find that they are both epigraphs of (^^’“-functions Vh and v defined on a same 
(n — l)-dimensional disk or radius cor, with u/j —)• u in and cq = co{n,a). By patching this 
local graphicality property on a uniform scale one come to prove conclusion (ii) in the lemma. 
This kind of argument is described in great detail in [CLM14, Theorem 4.1, Lemma 4.3, Lemma 
4.4, Theorem 4.12] and so we do not further discuss this point. 

We now exploit the same argument at the boundary. Given x G dH, r > 0 and n G 
with n ■ uh = 0, set 


^x,r = {y ^ H : \{y - x) ■ u\ = 0 ,\y - x\ < r} , ,, = {y + tu :y £ ,., |t| < r} . 

Let us fix X G Mq n dH, and consider > 0 such that exc^(iL, x, r^) < eo/2- By exploiting 
a boundary e-regularity criterion [DPM15, Theorem 3.1], we come to prove that for every x G 
Mq n dH there exist Ux £ with Vx ■ vh = 0 and functions Vh,v G such that 

Vh^v in with 

Cx%r^ nFh = ^y£ Cffcor,, ■■yFx>Vh{y-{y nx)vx )} , 

and with an analogous relation between K and v. In particular. 


n Mh 6idH = \^z + Vh{z) y:z£ n dH^ , 

DMQDdH = \^z + v{z) Ux:z£ G 09/} . 


(2.40) 


Let us now cover the (n — 2)-dimensional sphere Mq n dH by finitely many cylinders satisfying 
(2.40). By exploiting the fact that —)• u in (see [CLM14, Lemma 4.3] for the details of 
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such a construction) we can show that the normal projection over Mq H dH dehnes a (7^’“- 
diffeomorphism between M/^ n dH and Mq n dH. Denoting by the inverse of this map, we 
complete the proof of conclusion (i). 

Summarizing we have proved the validity of conclusions (i) and (ii). The fact that Mh is 
compact and connected is also easily inferred by covering a neighborhood of Mq by hnitely many 
cylinders of graphicality for both Mh and Mq and by recalling that lid{Mh, Mq) —>• 0. Let us 
finally consider the vector helds and fk, and notice that 


Fxix) -FK{y)\ <L\x-y\, 
^k{x) ■ {y-x)\ < L|x-y|^, 


(2.41) 


for a suitably large constant L. By arguing as in [Magl2, Theorem 26.6] we see that if Xh S Mh 
and Xh —>■ X, then x € Mq and VMhixh) fk{x)] by exploiting this fact and (2.41) we easily 
deduce (2.36). □ 


3. Convergence in volume to the ideal droplet 


Throughout this section A denotes an open bounded connected set with boundary of class 
while a : dA —)• (—1,1) and g \ A ^ [0, oo) are Lipschitz functions. The minimum value 
on dA of a is denoted by uo, 

(Tn = min a . 
dA 

and we denote by iL = K{ao) the reference unit volume droplet associated to Hh,cto as in ( 1 . 6 ), 
where H = {x € M” : > 0}. The goal of this section is showing that minimizers Em in the 

variational problem (1.4), which we recall was dehned by 

7 (m) = inf |jC 4 ,<t(-E) + / g{x) dx : E C A ,\E\ = m \ , 

J E 

are such that V’m(l^'m)/|V’m(.L'm)|^^"' K in volume as m —)• 0^. Here the maps ipm are defined 
on neighborhoods (of uniformly positive diameter) of Em and converge in identity 

map. 


Lemma 3.1. If A is an open bounded connected set of class a € Lip(clH; (—1,1)) and 

g € Lip(H) with g > d, then there exist positive constants Cq and tuq (depending on A, a and 
g) such that if Em is a minimizer in (1.4) with m < mo, then there exists ym G dA such that 

Em C 0 < a{ym) - (Jo <Cq . (3.1) 

Moreover, for every e > 0 there exists < mo (depending on A, a, g and e) such that 


mf \EmA{z + K)\<s, where Em = , 


(3.2) 


where (j)y^ is defined as in Notation 3.2 below. 


Notation 3.2. (See Figure 3.) By compactness of dA, we can find vq, sq > 0 (depending on A) 
so that for every x G dA there exist an open neighborhood Ux oi 0 £ M” with C Ux and a 
C^’^-diffeomorphism ((>x '-Ux ^ Bx,2ro such that (fx{ 2 i) = x, V(/>2;(0) is an orientation preserving 
isometry, and 

cl)x{UxIiH)=Bx^2ro^A, ct>x{Ux^dH)=Bx,2ro^dA. (3.3) 

Thanks to the fact that L = Vi;i)a;(0) is an orientation preserving isometry one has L~^ = L*, 
det L = 1, cof (L) = [det(L)L“^]* = L, and thus the Jacobian of V(/)2;(0) and its tangential 
Jacobian on ant hyperplane u"*" corresponding to u G are given by 

= I det V(/>a;(0)| = 1, H^cfxid) = jcof {V(px{0))n\ = 1. 


(3.4) 
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H 




Figure 3. A summary of Notation 3.2. The map is such that (j)x{^) = x. The 
constants tq and sq are independent of a; € dA. 


In particular, there exists a constant Ci depending only on A such that 


llcLUl/A + 


A-l| 


— l||cO(Bs) ^ C*! S , 

— l||co(snBs) < s 5 


(3.5) 


for every s < sq and for every (n — l)-rectifiable set S in M”. We can also assume Ci sq as small 
as needed depending on A. For example, we can certainly entail Jcpx > 1/2 on 


Remark 3.3. We recall that in (3.1) is not optimal, and that it will be improved 

to 0(m^/”) in the next section. By being able of immediately obtain the latter information 
we could simplify some technicalities in Lemma 4.1 below. However, this limitation seems an 
unavoidable consequence of the grid argument used in step five below. 


Proof of Lemma 3.1. In the course of the argument, C denotes a generic constant whose value 
depends on A, g and a. The values tq and sq introduced in Notation 3.2 as H-dependent 
constants will be further decreased depending on A, g and a. 

Step one: We show that 

7 (m) <'(/’(fJo) ^1 + , Vm < ttiq . (3.6) 

To this end, given m < mo it suffices to construct E C A such that 

\E\=m, FaAE) < V’(^o) m("-^)/"(l + Crn^A . 

Let us fix X € dA such that (t{x) = uo = ming^i a, and correspondingly set U = Ux and cp = 4>x- 
We can find to > 0 (depending on A and uo) such that Kt = t K C Bsq for every t < to, and 
thus, by (3.3), 

E{t) = (l){Kt) C Bx, 2 ro^A, VtG(0,to)- 

By the area formula \E{t)\ = Jcp, and since Jcp > 1/2 on Bsq by (3.5), we find that 
t G (0,to) l-^(^)l is strictly increasing. In particular, we can find mo such that 

(0,mo) = {|L^(t)| : t G (0,to)} , 

and for every m < mo there exists a unique t{m) < to such that m = \E(t{m))\. We notice that 
t{m) < C indeed, since Kt C Bet and \Kt\ = K for every f > 0, by (3.5) we find 

r f( 777 ^^ 

m = \E{t{m))\= / J(/> > (1 - C't(m)) = (1 - C't(m))f(m)” >—-—, 

where the last inequality follows up to further decreasing the value of to (depending on A and 
(To). By the area formula, 

FAAE{i))+ f 9= f + I gA)Jf), 

JE{t) JHndKt JdHndKt J Kt 
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SO that (3.5), ^ V’('^o) for every t > 0, and 

\\a o 4>^ - a{x)\\cO{^dHf\Bs) <C s , Vs < so • (3.7) 

give us 

FAAE{t))+ f 9 < {l + Ct)P{Kt,H) + {ao + Ct)7e-\^Hf^^Kt) + C\Kt\ 

JE{t) 

= FH,aoiKt) + ctp{Kt) + ce< v^(fTo )+ ce, 

which combined with t{m) < leads to (3.6). 

Step two: We show that, if ill C ^ with diam(ill) < rg, then 

FaAE) > Ac^o) (1 - Cdmm{E )). (3.8) 

Indeed let r = diam(£l). If £' C Bx^r for some x & A with dist(x, dA) > r, then Fcj^a{E) = P{E), 
and thus 

F^AE) = P{E) > nAl^ > ^(ao) 1^1^-^)/- , (3.9) 

where we have applied the isoperimetric inequality and the fact that = 'i/’(l) > ipiao) 

thanks to Proposition 2.1-(i). Since (3.9) implies (3.8), and since E <Z A with diam(Pl) < r, we 
are left to consider the case when 


E C Bx^ 2 r , for some x £ dA. 

Set U = Ux and (j) = (f>x- Since r < ro it makes sense to define E = A^A). Since E C Bcr, by 
the area formula and by (3.5) one has 


FaAE) = [ 

Jh 




Hr\d*F 


"A 


dHna*F 


a{4>) A ^ (pd'H'^ ^ 


> (1 - C r) P{F- H) + {a{x) - C r) n^-\dH n d*E) > FH,ao {E) - C r P{F) 
By [Magl2, Proposition 19.22] we have Fh,(jq{E) > (1 + (7o)P(F)/2, thus 

FaAE) > {l-Cr)FH,AE) > (1 - Cr) V^(fTo) |F|fo-b/-. 

Finally, since IFII = A J4> implies \fA~^P^ > |£'|fo“^)/"'(l — Cr), one hnds (3.8). 

Step three: We prove that if m < niQ, then 

P{EA < 

We are going to deduce this from (3.6) and the general inequality 

P{E)<CFaAE), ^E c A,\E\ =m <mo. 

Let us prove (3.11). This is obvious if ao > 0, as in this case, 

P{E) = P{E- VI) + P{E- dA) < aA {P{E-, A) + do P{E- dA)) < FaAE) • 

Let us now assume that (Tq < 0, and consider the relative isoperimetric problems 

P{E-A) 


(3.10) 

(3.11) 


AA(m) = inf I 
hA = inf 


'H^-^{d*EndA) 

P{E;A) ^ |Vl| 


: IFII = m, FI C a| , 


:\E\<^-A,EcA}, 


\E\^/('^-d 

so that fiA > 0 (as A is a connected bounded open set with Lipschitz boundary). Let us first 
show that for all r > 0 there is mi (depending on A and r) such that 

^aA) > —^— , Vm < mi. (3.12) 

1 + r 
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Indeed, since dA is of class one can construct T S Lip(M"';M"') with T = —va on dA and 
|r| < 1 on MA. By the divergence theorem, if £1 is a competitor in \A{Tn), then 


■H^-\d*E n dA) < P{E] A) + 


divT 


< P(E; A) + Lip(T) m < (l + hhUldi!) p(E; , 

V I^A ^ 


SO that (3.12) follows immediately. Let us now consider r > 0 and a > 0 such that 


(1 + r) 0(70 = - (a + (To - 1). 


(3.13) 


(The reason for this choice will become apparent in a moment.) Notice that (3.13) is equivalent 
to requiring 

O = - TZ -1— > 0 , 

1 + (1 + t)(To 

which is certainly possible (by (Tq > —1) as soon as r is small enough depending on oq. Let 
itiq < mi for mi = mi{A,T). By (3.12), A E G A and \E\ = m < mo, then 


P{E) 


< 

< 


P{E; A) + (1 - ao)'H^-Hd*E n dA) + aQ7r-^{d*E n dA) 
PA,adE) + (o - (o + oo - l))'H^-\d*E n dA) 

PA,ao (E) + P{E- A)-ia + ao- l)n^-\d*E n dA) 

XA{m) 

PA,ao {E) + {l + T)aP{E-A)-{a + ao- 1)^^"^ id*E n dA) 
(1 + (1 + r )a)P A,(TO (E) < (l + (l + r)a)J-' a,ct{E) , 


where in the identity on the last line we have used (3.13). This completes the proof of (3.11). 


Step four. With the goal in mind of bounding the diameter of Em in terms of m, we now estimate 
the normalized volume error one makes in boxing Em into a (properly centered) cube Qr of side 
length r. More precisely, we show the existence of positive constants C 2 and ri < vq (depending 
on A, a and g) such that if m < mo and r < n, then 


Em \ Q 

m 


r 




n/(n—1) 


(3.14) 


for a cube Qr of side length r. Indeed, by applying [FM12, Lemma 5.1] to E^ (the set of points 
of density one of Em in M”), we find that for every r > 0 there is a partition of (Lebesgue almost 
all of) M” into a family Q of open parallel cubes with side length r such that 


r 



1 

> — 
2 n 


Y,'H^-\Eg^GdQ), 

QeQ 


(3.15) 


and it is actually clear from the proof of that lemma that these cubes can be 


chosen so that 


P^-^dQndA) ='H^-\dQnd*Em) = 0 for every Q e Q. (3.16) 


If ri is small enough in terms of A, a and g and C is the constant appearing on the left-hand 
side of (3.8) (see step two), then we can entail (1 — Cr) > 0 with (1 — C r)~^ < \ + 2Cr for 
r < ri. Up to also requiring that ri < rQjy/n, by applying (3.8) to E = Em n Q we find that 

lA(uo) \Em n Q| < (1 + 2 C r) PAAEm n Q). 

By [Magl2, Equation (16.4)], eA Ci A = eA, {d*QAdQ) = 0, and (3.16), we have 

p{Em nQ-,A) = P{Em] Q n M) + n^-\dQ n eA) , VQ g Q , 


(3.17) 
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and thus, taking also into account the ^-equivalence of the sets dA n d*{Em H Q) and 
Q n dA n d*Em (which follows by (3.16)), 

J^AAEm n Q) = P{Em] QnA)+ [ a + n'^-^dQ n eA) • 

jQndAnd*Em 

By this last identity, by adding up over Q in (3.17), and by (3.15) one finds 

V^(c7o) < 

Q6fi 


< 

< 

By step one, see (3.6), 

A^o) Y. <C'^ + (l + Cr)V^(ao)m("-i)/’^(l + CmV"), 

QeQ ^ 


(1 + Cr) Y J^AAEm n g) 

QeQ 

(1 + Cr)(^EAAEA + E n sg)) 

Qefi 

{1 + Cr)^j{m) - J g + 2n^'^ 

(1 -b C'r)(7(m) -b C —) . 


so that, first dividing both sides by and then subtracting 'ijj{ao), we have 


'^Ao)[ Y 

QeQ 


m 


< C 


m 


l/n 


(3.18) 


+ r]. 


Now let {QiA^i = {g £ Q : \Em n g| > 0}. (Notice that N < oo as only finitely many cubes 
from Q can intersect A, thus Em-) We can order these cubes so that 

M-l , „ , N , ^ , 


EmD (j Qi 


1=1 


< 


\Eri 


Emn IJ Q, 

i=M+l 


< 


By concavity, 
N I 


E 


Em n gi|\ ("-!)/' 


m 


> 


M-l 

E 


Em n gi|\(^-l)/' 


N 


m 


+ E 


\Em n gi|\ ("-!)/' 


m 


2=1 2=1 i=M 

and since -b (1 — — 1 > c(n) for every t G [0,1/2], (3.18) gives 


M-l 

E- 

2=1 

and, by an analogous argument, 

N 


Emr]Qi\\i^-i)/n 


m 


< C 


m 


l/n 


+ r , 


In conclusion. 


E 

i=M+l 


\Em \ gM| 


m 


\EmnQi\\in-l)/n 


m 


< C 


m 


l/n 


+ r] . 


E 


\Em fl gil 


< c 


m 


m 


l/"™ n/(n—1) 

+ r 


and (3.14) is proved. 
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Step five: Prom now on we shall always assume that 

mo<rl^. (3.19) 

with ri as in the previous step. We claim that for every m < mo there exists Xm S A such that 

\Em \ I < ^3 ml+[V2(n-l)] ^ 

where Co = Co{A,a,g). To prove this we apply step four with r = (as we can as r < ri 

by (3.19)) to hnd a cube Qr of side length r such that Qr H A / 0 and 

+ < C,n^vmn-n, 

Since Qr H A / 0, there exists Xm £ A such that Qr C thus (3.20) is proved. 

Step six: We prove if m < mo and if Xm is defined as in step five, then 

Em C B^^ Q^\i2n , (3.21) 

for a constant C = C{A,(T,g). To prove our assertion it suffices to show that given a sequence 
m/i —)• O"'', then, possibly up to extracting subsequences, one has 

Eh C B „^i/2n , where Eh = Em^ , Xh = Xm^ , (3-22) 

Xhi^ 

for some constant C. Up to subsequences we may assume that Xh —^ xo for some xo G A. We 
now distinguish two cases. 

Case one, xo G A: We set, for C{n) as in the left-hand side of (3.20), 


I = 


l/2n dist(xo,i9^) 


and, for every r G /, we let 

Eh — Eh n Bx,,^r 1 Uh{f' ) = 


(C(n)m‘ , ^ 


mh 


If Ey denotes the dilation of E'y by a factor A/i(r) with respect to the point xq, then 

\Eh\ = TTih , Eh C -Sa;o,A^(r)dist(a;o,aA)/2 Vr G / , 
provided h is large enough. Indeed the inclusion follows by noticing that, for h large, 

Eh <G .Bx^.r C BxQ^r+\xh-xo\ <G • 

Now, since Uh(r) is decreasing in r, by (3.20) we find 

Uh{r) < Uh{C{n) m]!'^'^) < Co , Vr G /, 

so that, for h large enough, 


(3.23) 

(3.24) 


\{r) = 


(1 - tth(r))V’- 


<l + Cuh{r) <l + Cm]l‘^^'^ ^^<2, 


and thus 


VrG/. 

By (3.24) and (3.27) we can exploit the minimality of Eh to deduce 

BaAeQ + [ g< BaAK) + / V = P{K) + / 5 • 

Jeh JA ja 

We notice that by 5 > 0, = xq + Xh{r){Ey — xq), and (3.26) 

/ g- g < Xh{rA g{xo + Xh{y - Xo)) dy - g 
JA. Ah Jet JEr 


(3.25) 

(3.26) 

(3.27) 

(3.28) 
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< C (^||£/||cO(A) mh Uh{r) + g{xo + Xhiv - a^o)) - 9{v) dy^ 

< C (^||£/||co(A) mh Uh{r) + Up{g) \Xh{r) - 1| \y - xo| dy'^ 


< CmhUhir). (3.29) 

At the same time, since n dBx^^r) = —for a.e. r > 0, we have 

P{El) = Xh{rr-^P{EhnBx^,r)<{l + Cuh{r)){P{Eh-,Bx^,r) + mh\u'f,{r)\) 

< P{Eh]Bx^,r) + Cmh{\u'f,{r)\+m'^^^'^Uh{r)) , (3.30) 

where we have also used the fact that P{Eh] Bxf^^r) < P{Eh) < ^"^1” combining 

(3.28), (3.29) and (3.30) we hnd that for a.e. r G I, 


P{Eh;A)+ / a < P{Eh;Bxf^,r) + C mh{\uh{r)\Uh{r)) , 

JdAnd*Eh 

that is 

Cmh{\uhir)\+m'^^^"'uhir)) >P{Eh;A\Bx^,r)+ [ cr, 

JaAnd*Eh 

for a.e. r G L By adding up P'^~^{Eh H dBxh,r) = "i/i |ri)j(r)| to both sides and using that 
Bxh,r n dA = 0 implies dA n d*Eh = BA n d*{Eh \ Bxh,r), we conclude 

C {\uhir)\ + Uhir)) > P{Eh\Bxh,r;A)+ f a = PAABh\Bxh,r) (3-31) 

J a And* Eh 

> P{Eh \ Bxh,r) > C-^ nAl’^ u/,(r)(”-i)/’^, 

for a.e. r G I, where in the last line we have used (3.11) and the isoperimetric inequality. Thanks 
to (3.25), provided h is large enough, one has 

1/n 

C u^r) < , Vr G /, 

so that, for a.e. r G I, 

Ifn 

Cm,|<(r)|>^^ml”-')/"n;,(r)(-i)/-, i.e. [{mhUhAA A <-C . 

By integrating this inequality over (C'(n) and by (3.25), one finds that for every r G I 

{mu rih(r))^/” < {mhUh{C{n)m]l‘^'^)f^'^ - C{r - C{n)m]l'^'^) 

< (Cg _c{r- C{n)m]l'^^) . 

For a suitably large value of C* we find that 

Uh{r*) = 0 , if r* = C(n) , 

where G I provided h is large enough in terms of C*. Since r^, < C this completes the 

proof of (3.22) in case one. 

Case two, xq G dA: Let ro, sq, U = Uxq and 4> = (j)xo be as in (3.3). For a constant > 2 to 
be determined later on in terms of n and A, let us consider L > 0 (depending on N, n and A) 
such that 


BxqaoIL C (j){Bg^^]\f). 


( 3 . 32 ) 
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As in case one, we define = Eh Cl Bx^^r and Uh{r) = \Eh \ Bx^^r\/'mh for every r ^ I, where 
now - with C{n) as in the left-hand side of (3.20) - we take 

r = ■ 

For h large enough and r £ I, by (3.32) we have 

El C Bx^,r n A C Bx,,ro/L H A C 0(5,o/jv) n A , 
so that it makes sense to consider 

{ED C B,^/n nHc B ,^/2 n H . (3.33) 

We claim that for every h large enough and for every r £ I there exists Xh{r) G (1, 2) such that 

El = (^{Xh{r)rHED) 

satisfies 

\El\=mh, EICA, l<Xh{r)<l + Cuh{r). (3.34) 

Indeed, by (3.33) we hnd 

Xcj)-\ED cHn Bxs ,/2 cHnB,,cHnu, VA < 2, (3.35) 

so that 4>{X (j)~^ (ED) is dehned for every A < 2. If tc))(A) = \(f){X(j)~^{El))\, A < 2, then we have 

wl{l) = \El\ = mh{l - Uh{r)) < rrih , 
while at the same time, if 1 < A < 2 then by (3.5) and (3.35) we find 


wl{X) = [ JcP>{l- CiSo)XD(l)-\ED\ = (1 - CiSo)A’^ [ Jr\x) dx 

J El 


= (l-C'iSo)A"/ T77:S^> 
Je] 


(3.36) 


'ei ^(a^)) 1 + C'lSo 

that is, by (3.25) (which still holds for every r G / even with the new definition of I) 

Akl > (1 - „„(.)) A" > (X-C, m't‘) A” . 

ruh 1 + Ciso 1 + wso 

In particular, up to further decreasing the value of sq and for every h large enough, one can 
always find A))(r) G (1,2) such that 

wl{Xl{r)) >mh> wl{l). 

Since wl{X) = A” J4>{Xz)dz is a continuous function, we find Xh{r) G [1,2) such that 


nih = wl{Xh{r)) = Xh{rD f J4>{Xh{r)z) dz = Xh{rD [ J4>{Xh{r)4> ^{y))J(p ^iy)dy 

J^-^{Ei) Jei 

so that 

mhUh{r) = mh - \El\ = j v{Xh{r),y) dy . (3.37) 

where we have set 

v{X,y) = X"- J(j){X4>~^{y)) J(j)~^{y) - 1, ye Bxo, 2 ro n A, A G [1,2). 

Now, if y G El, then \4>~^{y)\ < sq/N by (3.33), so that for every A G [1, 2) and y e El we hnd 

v{X,y) > - 1 +X'^(^J4>{X(p~'^{y)) - J4>{(p~^{y))j J4>~^{y) 

> n(A-l)-2" J(j){X4>~^{y)) - J(p{(j)~^{y)) J(p~^{y) 

> n{X-l)-C{X-l)\r\y)\ > (n-C74^)(A-l), 
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where C 4 = Ci{n,A). Provided we pick N suitably large in terms of n and A we thus find 

n(A,y)>A-l, Vy e Pi;;, A G ( 1 , 2 ), 
and thus deduce from (3.37) and \El\ > mh/2 that if h is large enough, then 

\h{r) < I + CUh{r), yr e I. 

This completes the proof of (3.34). By (3.34) and the minimality of we obtain 




^{Eh) + f . 

JEh 


g<FAAK)+ I 9- 


(3.38) 


On the one hand 


/ -/ 

Jet Jeh 


9 < 




< 


< 


9{4>{J^h{r)4> Hy))) {v{Xhir),y) + l) - g{y)j dy 

c [ (g{4>iAir)(p~^{y))) - g{y)) dy + [ g{y)v{Xh{r),y)dy 
JEl ^ ' JEl 

CUp{g) f AAAA^iy))) -y dy+\\g\\cO(^A) [ v{Xh{r),y)dy 

JET JET 


< C{Xh{r)-l)\El\<CmhUh{r)\ 

on the other hand, by repeatedly applying the area formula and by [Magl2, Proposition 17.1] 


P{El-A) = \h{r) 


n—1 


f And* 


A^h{r)<l> ^h)A{Xh{r)4> ^(x)) A ^h4>{x) dTi^ 


and since for every (n — l)-rectifiable set S C BxQ^ 2 ro O ^ we have 

[A = 1) foi" X G S , 

by A/i(r) < 1 + C Uh{r) we find 

P{El- A)<{l + CUh{r)) P{El-A ), Vr G / , 
and similarly, since u is a Lipschitz function. 


L 


a And* El 


a <{1 + Cuhir)) 


a , yr e I. 


la And* El 


By combining these estimates with (3.38) we thus find 


P{Eh]A)+f a < {l + Cuh{r))(p{El;A) + f a) + C nih Uh{r), 

J a And* Eh ^ JaAnd*ET ' 


! a And* Eh 

and thus, rearranging terms and for a.e. r G / 


P{Eh\A\B:j,^^AE / a <C[mh\A{r)\+Uh{r)FAAPh)+ '^hUh{r)) . (3.39) 

J{dAna*Eh)\B^^,r ^ ^ 

Since Pa.o < P on any subset of A and since perimeter decreased under intersection with convex 
sets, we have 

PaAK) < PAD < PAh) < , (3.40) 

where in the last inequality we have used (3.10). By combining (3.39) and (3.40), and by adding 
up nifi |u'^(r)| = P^~^{Eh O dB^^A to both sides of the resulting inequality, we eventually get 

pA,uAh \ Bxhx) < {AhA\ + Uhir)) , 

for a.e. r € I, which is analogous to (3.31). From here we conclude by arguing exactly as in 
case one. This completes the proof of (3.21). 
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Step seven: We prove (3.1). We first notice that it must be ^ otherwise 

by (3.21) we would get 

FAAEm) = P{EA = = (v^(ao) + d) , 

for some positive 5 independent of m, thus contradicting (3.6): in particular, 

Em C By^^^^i/ 2 n for some ym&dA. (3.41) 

This proves the hrst part of (3.1). We now prove that cr{ym) — ctq < C Let us set 

cJi = maxfj, Co = inf{i/:'(r) : r G [(To,(Ti]} , 
dA 

SO that Co > 0 as [ctojITi] CC (—1,1) and A is continuous with i/;' > 0 on (—1,1) thanks to 
Proposition 2.1-(i). In particular, 

i/>(t) > 'i/’(ao) + Co (r - co), Vr G [do, di] , 

and since d(ym) S [do, di], by (3.6) and (3.8) (which we can apply thanks to (3.41)), we conclude 
that we have 

(1 + V^(do) > > (l-Cm^/2”)V’(d(?/m)) 

> {l-C (^i/’(do) + Co (d(?/m) - o-o)) . (3.42) 

This completes the proof of (3.1). 

Step eight: We prove (3.2). Thanks to (3.1) it makes sense to define 

p _ 

Thanks to Proposition 2.1-(ii), it is enough to fix nih —)■ O"*", set 



Eh — Errif^ ) 

Eh — Em}^ 1 Uh — Umfi j 

II 


and show that 

We hrst notice that 


lim pH,ao{Eh) = V'(o'o) ■ 

h—^oo 


(3.43) 


\Ah\Eh)\ ^ 
ruh 

1 

< - 

ruh 

[ -1| < — / \y 

Je, ruh Jeu 

- yh\ dy < , 

(3.44) 


where we have used J(j)j^^{yh) = 1 and (3.41). Similarly, by the area formula on rectifiable sets, 
one sees that 


\P{A\EAH)-P{Ef,-A)\ 


and, again by (3.1), 


< 


< 


! Ar\d*Eu 


C 


- 1 | 

\y-yh\d'H^-\y)<CP{Eh-,A) 


And* Eh 


m 


l/ 2 n 

h 


aoPiA\Ehy,dH) 


I 

JdAnd*Eh 


< / WoJ^*^^4>A-cr\ 

JdAra*EH 

< c[ {\y-yh\+cr{yh)-(To)dn"-~^{y) 

JdAnd*Eh 

< CP{Eh;dA)ml/^^, 
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SO that, thanks to (3.10) 

\FAAEh) - < CP{Eh)m)l^" < C . 

By combining this last estimate with (3.44) and (3.6) we thus find that 

V^(CTO) < = 

— A{aQ)rA^ (1 + Cm^/"") + C raJj^A 

< (1 + C'm^'^^'')'0(cro), 

so that (3.43) follows. □ 


4. C^’"-CONVERGENCE TO THE IDEAL DROPLET 


We now conclude the analysis started in Lemma 3.1. Let us recall that so far we have proved 
the existence of mo > 0 such that if is a minimizer in the variational problem 

7 (m) = inf ^EA,aiE) + j g{x) dx : E C A ,\E\ = m| , 

(introduced in (1.4)) with m < mo, then for some Um £ dA and setting 


'^Vm 5 


\m = AA{Em)A^, 


F — 

m. — 


4’m {En 


one has 


Em C : 0 < - (To < C m^^^” , 


m 


l/n 


- 1 


<CrA^‘^"', lim \{Em - Zm)^K\ = 0 , 
m—^ 0 + 


(4.1) 


where Zm € dH, K = K{ao), ao = mingle; see (3.1), (3.2) and (3.44). Here, as it was 
set in Notation 3.2, (j)m is a C^’^-diffeomorphism between Um = Uy^ and By^^2ro such that 
— ymi ^4^miA) ^ linear isometry of M , Bg^ CZ(Z Umt and (pm {Um n F) = Hy^, 2 ro n A, 
where ro and so are positive constant depending on A, g and a (whose value will be further 
decreased in the course of the proof). Moreover, we notice that, as a consequence of (3.5), one 
has that 

\\4>m\\c^X{Um) ^ E , II J(/>m - l||cO(B^) < Cs Vs < So , (4.2) 

for C depending on A only. With this situation in mind, we now improve the convergence in 
volume of Em — Zm to K into (^^’“-convergence. Taking into account Theorem 2.4 it will suffice 
to show that the sets Em satisfy uniform almost-minimality conditions with respect to uniformly 
elliptic functionals. 


Lemma 4.1. Under the assumptions of Lemma 3.1, and with the notation introduced at begin¬ 
ning of this section, there exists A > 1, A > 0 and C, po >0 (depending on A, a and g) and 
elliptic integrands 

£ £{Bq j.^l/2n , \,U) 

such that, for every m < mo, Em is a {A, po)-minimizer of'^m in {BQ^^i/ 2 n,H), where 

Iipo{Em) CC B(^j^l/2n . 


Ur, 


Proof. Let us set 

Gm — 4>m {Em) j 
By (4.1) and pm{0) = Um we have Gm C B(j^i/ 2 n, and thus 


A 


F„ 


Gm 

Am 


Em C 


Vm < mo , 


(4.3) 
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where in the last inclusion we have used (4.1) again. If we define, for x € Um, y S Um H dH^ 
and V G 


4>m(x,p) = |cof p| , crm(2/) = a{(l)m{y)) ^m{y,en) , 9m{x) = g{(t)m{x)) J(t)m{x) , 

then Gm is a minimizer in the variational problem 

[ am+ [ gm-.GcHnUm, [ J(l)m = m}. (4.4) 

Jd*GndH JG Jg ^ 

Indeed, if G is a competitor in (4.4), then E = (pm{G) satisfies E <Z A and \E\ = m, and, by the 
area formula, 

a,ct{E) + f g = P{E',A)+ f a+ f g = ^rn{G', El) + f crm+ [ gm ■ 

Je JdAnd*E JE JdHnd*G JG 

Similarly, if we set, for x G Um, V £ ^m H dH, and u G 5"’“^, 

^mix, e) — X, e) , Eyyiijj) — (X m{,l'-m V) ; flmix) — gm{l^m x) , 

then E = G/\m C Et-m n // if and only if G = Am F C Um H H, with 


^m{G] H) + f (7m + [ gm — Am ^ (^m{F] H) + f am) + Am [ Sjm ■ 

Jd*GndH JG ^ Jd*EndH ' JE 

Hence the fact that Gm is a minimizer in (4.4) implies that Em is a minimizer in 

inf / ^miE ; H) + / Um 4“ Am / 5m ■ E CZ H C\ Elm ) / lAm — TTrl’ > (‘^•^) 

Jd*FndH Je Je ^m ^ 

provided one sets 


'4^m {y) — J^m (Am y) — | det V (j)m (Am 5)1; 

It is useful to notice that by (3.5) and Am Em = Gm C BQ^i/ 2 n 

W'lpm ~ l||L°°(Em) E G m ! , ||V'0m||L°°(Em) — G Xm, 


Vy G Elm ■ 

(recall (4.1) and (4.3)) 
IIV’mllclA(O^) < C , 


(4.6) 


for a constant G depending on A only. 

We now want to exploit the minimality of Em in (4.5) to show the following uniform almost 
minimality property of Em- for every E C H such that EAEm CC i? 2 , 2 po UU Elm for some 
z € H, one has 

^m{Fm] H) < ^m{F-, H) + K\EAEm\ , 

for some 'I'm S S{B(ji^i/ 2 n, X,€}. Of course the difficulty here is that such a competitor F may 
fail to belong to the competition class in (4.5). However, as F is close to Fm, then Jp ipm should 
be close to fo V’m- We should be possible to slightly modify F into a new competitor F' with 
/p/ V'm = fp V'm; while keeping track of the change in surface energy. This is what we do in 
the next argument, which is loosely based on [Alm76], see also [Magl2, Section 29.6]. 

For a value of sq to be chosen later depending on K (thus on uo) only, let us now decrease 
the value of mg so to entail 


|(Fm - 2 :m)AiF| < eo, Vm<mo, (4.7) 

where Zm G dH as in (4.1). Let us fix F C 77 such that EAEm CC 2po for some 

z ^ H, where po is also to be properly chosen. We pick x,y £ Hn OK (independently from Em) 
and fix To > 0 so that 

Bx,tq Li By YQ — 0 , Bx^tq U By YQ CC E CC H n Elm Vm < ttiq ■ 

(The last condition follows from the fact that Bg^ CC Um, so that we can entail K CC 
Eso/Xm UC Elm for every m < mo, and thanks to the fact that Am/m^^” —S' 1.) Notice that, up 
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to decreasing the value of /Oq, either i? 2 -^^, 2 po hi i?x,To = 0) or Bz-zm, 2 po h = 0. Without 
loss of generality we assume that 


and then we hx T G C^{B. 


X,To,■ 


Bz-Zm,2po 
r) with 


h Bx,Tq - 


(4.8) 


1 = / T-uk= [ 
JdK Jk 


div r. 


(The existence of T follows from x G dK, of course.) Correspondingly, we can find Iq > 0 
(depending on tq and ||T||(^i(Rn), thus on K, thus on uo) such that for each \t\ < to the map 
ft = Id + tT defines a diffeomorphism of M”’ with {ft Id} CC Bx^tq- Now let us consider 

— V’m(^ T ^m) — {w T 2m)) > W G Urn j 

and define a smooth function 7 : (—to, to) 1^ by setting 


7(t) = [ 


V’m - / V’m = t / div {ipU) + 0{t^) 

ft{^7n ^m') ^ F'm 


Here, thanks to (4.6), \0{t‘^)\ < Ct^ for a constant C depending on ||T||(;;i(]Kn) and 
\\'^m\\c^’^{Fm-zm)^ Ibus on A and (Tq, only. Also, 


1 - / div 

Fm Zm 


< 


div T- 


IK 


' Fm Zjji 


CdivT + T-VV^: 


< ||r||c;i(M.) (|KA(Fm - 2m)| + [ IC ” 1| + |Vd) 

^ ll^llcifK'") (^0 ’ 

where we have used both (4.6) and (4.7). In particular, by (4.1), if we further decrease the 
values of to, f^o and eo depending on ||r||ci(]Rn), then we find 


7 ( 0 ) =0, 7'(0)>^, Lip( 7 '; (-to,to)) < C . 


(4.9) 


By (4.9), up to further decreasing the value of to, we can find rjo > 0 (depending on A, g and 
a) such that 7 “^ is well-defined on (— 270 , 270 ) with 

|7~^(^^)| < C* |u|, for every |u| < 2go . 


(4.10) 


Recalling that F C H with FAFm CC Bz^ 2 po CC Hm, we set 


V= rm- rm^ 

J Fm—F — Zm 


Up to further decreasing the value of po we find 

^ IIV^m||c 0 (f 2 ^) \BAFzn\ < C LOn Pq < 2 70 , (4.11) 

SO that by (4.10) we can compute 7 “^(u) and correspondingly dehne F' CZ H hy letting 

B ~ = {{F ~ ^m) C Bz—Zm,2po^ C (r,) (Nm — Zm) \ Bz—Zm,2po^ ' 

Notice that, by construction, F' and Fm are equal on 77 \ {Bz:ppQ U Bx+zm,TQ)-: so that 


I 

' F' JF,n •tCnB2,2pQ 




J Fm^Bz^ 2 pQ 

+ [ rm - [ r 

fry — 1 {_Fm ^m)nSx,TQ {Fm ^m')(~^Bx,TQ 
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I ' 4 ’m / '^m + / V’m / rm 

F J Fm f^ — l(y\{Fm — Zm) Fm — Zm 




[ Ipm- [ V'm + 7(7 = 0 • 

JF JFm 


Hence, F' is a competitor for (4.5), and since Bx^tq CC H (thus Bx+zm,To CC H too) by 
comparing F^n to F' we find 


^m(.^m) Bx-\-Zjn,TQ U {Bz^2po hi + / (7m 

J B^^2pQnd* FmFdH 


< ^m{F'-B., 


X+Zm,To 


U (H,, 2 po n ii-)) + [ 
Je 


(7r 




(4.12) 

+ WOm 


where in writing the second term on the second line we have taken into account that d*F and 
d*F' are equal on Bz^ 2 po H dH. In order to exploit (4.12) it is useful to show that 

|(F'AFm)n 

Bx+ZmFO \ F \^m{Fyn] Bx+ZmFo) ^ra{F ? Bx-\-Zm,F0 )\<C\FAF^\. (4.13) 

To begin with, by [Magl2, Lemma 17.9] 

\{F'AFm) Fl Bx+Zm,To\ < \fy-l{v){Bm - Zm)A{F,n - Zm)\ 

< C\'J~^{v)\P{F,n - Zm;Bx,ro) < C\v\ P{F,n; H) ] 

since P{F^]H) = P{G„,]H) < C P{E^), (3.10) gives P{F^]H) < C , and thus 

by (4.6) and the definition of v 

\{F AFm) r\ Bx-\-Zm,ro\ — ^ [ '^rn ~ [ '4’m F- C \\ljjrn\\cO(fl^) \FmAF\ 

J F-m J F 

< C\FmAF\. (4.14) 

This proves part of (4.13). To complete the proof of (4.13), given p G d*Fm, let {Ti(p)}"T'/ 
denote an orthonormal basis of the approximate tangent space of d*Fm at p, chosen so that 
FFmip) = X^AiFiip)- Since has finite Lipschitz constant on Hm x l^"', one has 

n—1 

^m(/t(p), /\ dft{p)[Ti{p)]^ - ^m{P,FF^ip)) < C* |t| , 

1 = 1 

for every jtj < to- By the area formula, setting t = 7 ~^(u) for the sake of brevity, we have 
\^m{Fm] Bx-\-Zm,To) ~ ^m{F ] Bx-\-Zm,To)\ 

n—1 


< 


L 


Bx + Zjn,rQE\d* Fm 
,,-1 




^(/t(7'), A '^/i(7’)[T(p)]) - ^m{p,FF^{p)) dT-t ^{p) 


2 = 1 


< C |7-'(r;)| P{Fm-, Bx+zm,ro) < \FAF^\ , 


(4.15) 


where in the last inequality we have argued as in the proof of (4.14). This proves (4.13), which 
combined with (4.12) gives us 


^m{Fm'-i H) + 
Finally, let : M” —)■ M 


dm A ^m 


Ja 


dm F C \FAF„ 


d*FndH 


Jd*FmndH 

be a Lipschitz function such that = dm on dF[ and 
Lip(o-m) = Fip{dm]dH). 


(4.16) 


(4.17) 
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(There is a huge freedom in the choice of and we shall exploit it later.) By the divergence 
theorem 


L 


^m. — 


d^FndH 


ld*Ff\dH 


SO that 




(-fin CF*^) ■ (-Cn) = / (^m(^n-FF+ div {-CnCT^) 

r Jd*FnH Jf 

= / (T*^en-FF+ (-e„) • Va *^, 

JHndF JF 

,{F;H)+ / dm = / {^m{x,FF) + (T^Bn ■ Ff) - / Bn ' V(Tm ■ 

Jd*FndH JHnd*F JF 


Id-FndH 

In conclusion, if we set for x G fim and z/ G M”, 

Tm(a;, f) = d>m(x, f) + Bn-F = |cofV(/)m(Am3:)z^| + Bn ■ F , 

then (4.16) implies 

H) < T'm(T; H)+A\FAFm \, 

whenever F G F[ is such that diam(TATm) < 2/?o- We now claim that 


(4.18) 

(4.19) 


^rn ^ F{B^/^i/ 2 n,XJ), Vm<mo, 

and for suitable constants A and i. It is clear from (4.18) that Tm is lower semicontinuous on 
Clm X with '^rnix, •) convex, one homogeneous and with restriction to of class (7^4 for 
every hxed x G Clm- Similarly, one easily deduces from (4.2) and (4.17) an upper bound on 
Tm and Lipschitz-type bounds on ^rn{-,F), V'l'm(-,i^), 'I'm(ic ,-)5 V'l'm(x,-) and V^'l'm(®,-) on 
Clm X M ” (recall that here V and denote derivatives in the f variable). The restriction of x 
to B^i^i/ 2 n, and a more precise choice of come to play in order to check that 

1 lr|2 

^m{x,F)>-, |V^Tm(a:,i/)[r,r]| > — , Vr G , 

whenever x G B^i^i/ 2 n and f G 5'"'“^. Indeed, by (3.4) and (4.1) we have 

|cof {V4>ni{Xm x))f\ > |cof (V())m(0))z/| — C Xm \x\ = 1 — C Xm \x\ > 1 — C , (4.20) 

for every x G B(ji^i/ 2 n and f G S^~^. By an analogous argument 

\am{x) - aol = |fT((/)m(Ama^))|cof {V(pmiXm x))Bn\ - fT((/)m(0))| < C Xm \x\ < , (4.21) 


for every x G B^i^i/ 2 n H dF[. The idea is then the following: having in mind (4.3), we first pick 
C so large to enforce l 3 pfj{Fm) CC BQi^i/ 2 n (in this way, all the variations considered in (4.19) 
are contained in the domain of ellipticity of 'I'm); next, we dehne as a Lipschitz-preserving 
extension to M"' of the restriction to BQj^i/ 2 n of dm, which is then truncated so to preserve the 
bounds (4.21), so that 

\am{x) — ao\ < C , Vx G M"'. (4.22) 

By combining (4.20) and (4.21) we find 

4'm(a;,z^) > 1 - |fTo| - , 

for every x G B(ji^i/ 2 n and f G 5 '"'“^, provided rriQ is small enough. The Hessian bound is even 
simpler (as it does not involve the adhesion coefficient a), and so the proof is complete. □ 


We are now ready to complete the proof of Theorem 1.1. 
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Proof of Theorem 1.1. Our starting point is given by Lemma 3.1 and Lemma 4.1. The fact 
that Fm is a (A,ro)-minimizer of in with hpo{Fm) CC implies the 

existence of pi = pi{pQ, A, A) >0 and k = K{n, A) > 0 such that if r < pi, then 

\Fm n Bx^r\ > \Bx,r O iL| , \/x G H f] OFm , 

\Fm. n Bx^r\ < (1 - k) \Bx,r O LT] , Vx E i/ O d{H \ Fm) ; 

see, e.g. [DPM15, Lemma 2.8]. In particular, if we set 

F* — F — z 


then for every r < pi 

\F^nBx,r\ >K\Bx,rnH 

\F;^nBx,r\ < {l-K)\Bx,rnH 

The density estimates (4.23) combined with the L^-convergence of F^ to K imply the conver¬ 
gence of Mm = H f] dF^ to Mo = F[ n dK in Hausdorff distance. Indeed, let x € be such 
that 

dist(x,Mo) = sup dist(i/, Mo) = /3 , 

and let r = min{/3,/9i}. Since M^ C M n dFm and M^ C i/ n d{F[ \ F^), we have that both 
estimates in (4.23) hold at x with r = min{/3, pi}. Since Bx^^FMq = 0, we have HFBx^r C H\K 
or iL n Bx^r C AT: in the first case 

K\Bx,r FH\< \Ff^ n Bx,r\ < \ ATj < Sq , 

while in the second case one finds 


Vx e if n dFf^ , 
yx^HFd{H\ F^). 


K\Bx^r n F| < |(F n Bx^r) \ Ff^\ < \K \ f;^\ < £0 ; 

in both cases, r” < CEq, so that, up to further decreasing the value of eo one has /?” < 
C'|iLAF,^|. Since density estimates analogous to (4.23) holds with K in place of Fm (for con¬ 
stants Pi and K depending on n and cjo only) we conclude that 

hd(Mo, M;,)*" < C |F,;AA:| , Vm < mo . (4.24) 

An important consequence of (4.24) is that provided £q is small enough, then one has 

y C , Vm < mo . (4.25) 

By exploiting this inclusion together with (3.6) we see that F^ satishes (2.4), and thus conclude 
by means of Proposition 2.1-(iii) that 

CmV- > FhAK) - Ar) > c{n,T) inf |(A* - z)AK\^ . 

zedH 

Since, by dehnition of Zm, 

\F:,AK\= inf \{Fm-z)AK\= inf |(F* - z)AF| , 

zGoH zGoH 

by also taking (4.24) we have found the quantitative estimates 

|F;,AA:| < Cm^/ 2 n ^ hd(Mo,M;,) < , Vm < mo . (4.26) 

Let us now go back to a simpler consequence of (4.24), namely 

hpoiFAFCBc. (4.27) 

By setting T^(x,zz) = '^mix + Zm,i'), we find that each F^ is a (A,/9o)-niinimizer of ^m in 
{Bc,H) where E F(Fc,A,£). We are thus in the position to apply Theorem 2.4 to deduce 
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that, for every m < mo, is a compact connected orientable ’"-hypersurface with boundary 
for every a G (0,1) and there exists a diffeomorphism : Mq —)• such that 

ll/mllcF=^(Afo) ^ Ca , jim^ ||/m “ Id|lcl(A^o) = ^ • 

Notice that, by construction, this last limit relation does not depend on the specific family of 
minimizers that we are considering, but just on A, g and a. 

We now complete the proof of the theorem. We first notice that (4.27) implies diam(Fm) < 
C, and thus, thanks to (4.1), 

diam((/>“^(£'m)) < C Xm < . 

Since the maps are uniformly Lipschitz, we conclude that d\am.{Em) < CrrAl'^. In turn, 
up to change our choice of ym G dA^ we can improve the factor m^/^” in (3.41) into m^^”' and 
repeat the above arguments (starting from step seven in the proof of Lemma 3.1, continuing 
with the whole proof of Lemma 4.1, and including the current proof up to this point) using the 
more precise information 


Em C By^ u^i/n 

(4.28) 

in place of (3.41). In this way we improve cr{ym) — (Tq < C* to 


criym) - o-Q < , 

(4.29) 

we improve \m~^RXm — 1 < C* rrAl‘^'^ in (4.1) to 


1 <Cm^R, 

ml/n - 

(4.30) 


(by the same argument used in (3.44)) and we replace Em C with 


Em C Be- 


By combining this last inclusion with (4.25) (which gives 0 G E^ = Em — Zm) we find that 
\zm\ < C, and thus 

Zm Xm £ ^ C Bg^ H OH C (j)m (-®2ro(ym) Ll dA}) . 

In particular there exists pm G dA such that 

Zm Xm — 4^m {Pm} ; 

and by (f)^{ym) = 0 we hnd \ym — Pm\ < CrrA!'^. In this way (4.28) and (4.29) give us 

Em C , 0 < (j{jpm) — (To < C*m ^ , (4-31) 

that is (1.7). We now prove that (1.8) holds with the linear isometry Sm = V0“^(ym) {Sm is 
a linear isometry since Sm = for Rm = V(^m(0)). Indeed, by (4.26) and with the notation 


Mm = A r\ dEm , we find 


> hd(Mo,M;;) = hd(Mo, ^rn {Pm) \ ^ 

^ Xm, 7 


(4.32) 


By 




cM/” 


and thanks to (4.30), 

(pm (ii^m) ~ (t’m {Pm) ^4’m {Pm){AIm ~ Pm) ^ C m}R 
^ Xm ' 

SO that by (4.32) and by linearity 

Cmi/2-^ >hdfMo,V())-i(p™)| 


Xm 

i—li- \ f Aim Pm 


Xr] 
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By |V(/>^^(pm) — S'ml < (4.27) and (4.30) we find 


MS, 


Pm 


m 


1/n 




Mm Pm 




and thus, in conclusion, 

that is (1.8). We are thus left to prove the existence of the diffeomorphism fm between Mq and 
Mm such that (1.9) holds. To this end, let us define 


fm{x) — ^m)) — 4^m{^m 9m{x')^ , X S Mq , 

where 

gmix) = fm{x) + Zm , X £ Mq . 

By construction, fm is a C'^’“-diffeomorphism between Mq and Mm, so that Mm is a connected 
(^^’“-hypersurface with boundary such that bd (M^) C dA. Now \zm\ < C, while (4.27) gives 
us \\fm\\c°(Mo) < C, SO that 

llfi'm llcO(Mo) — ^ ■ (4.33) 

If Vm = Rm Zm (so that \vm\ < C), then we have 


fmix) (?/m T -^m(Um T Rm — </’m (-^m (s^)) '/’m(O) (0) [Am 5m(®)] 

+^^m{0)[Xm {f:^{x)-x)] 


and thus, by \\(l)m\\c^A{Um) ^ C, 


\\fm {Vm XmiVm Rm S C Xm(^Xm Wfm • (4.34) 

Similarly, if r £ T^Mq, then 

V^°fm{x)[T] = V(^m{Xmgm{x))[XmVf::,{x)r] , 

SO that 

^^^fm{x)[T]-XmRmr = (A^ (x)) [V/^ (x) [t] - t] 

“t “Xm 4^m (Am ^m(^)) ^? 

and hence 

IjV^Vm - XmRmWcSMo) < C Xm [Xm + \\fm ” M||c1(Mo)) • (4-35) 

By (4.30), (4.34) and (4.35) we finally find 

||/m - (5m + m^/^{Vm + ^m 3;)) < C + ll/m - Idllci(Mo)) = o(m^/’"), 

where this limit relation depends on ^4, u and g only, but not on the particular family of 
minimizers Em under consideration. Since x i-a Vm+RmX is an isometry of M”' we have completed 
the proof of (1.9). □ 

Remark 4.2. In Remark 1.2 we claimed that 7 (m) = V’(uo) (1 + By taking 

into account the upper bound (3.6), we are left to show that 

RAAEm) > A^o) (I + Oim^A) • 


Going back to the proof of Lemma 3.1, we notice that (3.42) can be improved into 

^Mn-f)7n ^ (1 - ^ AAPm)) , 

since now we are replacing (3.41) with Em C cmE'^- conclude as i/(u(Pm)) > '^Aq)- 
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